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Variational Forces
In this talk, the problem of extension of variational principles in classical mechanics to mechanical systems subject to forces depending on velocities is considered.
As a basic tool, the Helmholtz equations of the inverse variational problem are
applied. The aim is twofold. First, the basic assertions of the inverse problem
theory for systems of second-order ordinary di↵erential equations are summarized. Second, we present new results about the problem of variational forces.
We consider the Euler–Lagrange expressions of general first-order Lagrangians
L(t, xj , ẋj ). Assigning to L its kinetic energy component T = 12 (@ 2 L/@ ẋi @ ẋj )ẋi ẋj
yields the canonical decomposition L = T
U . On the basis of this decomposition, we introduce variational forces, generalizing conservative forces of classical
mechanics. For a restricted class of Lagrangians, U depends on (t, xj , ẋj ), and
we give a complete classification of L. The theory works on tangent bundles of
smooth manifolds; in particular, the Lagrangians admitting first-order forces are
closely related to Finsler geometry.
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