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Geometric methods in fluid dynamics-discrete and
continuous, reversible and irreversible.
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{2 In the first part of the lecture, we review the geometric formulation of mechanical systems on
Lie groups and the associated variational formulations, symmetries, and conservation laws. This
approach is illustrated in the infinite dimensional setting with Arnold’s interpretation of ideal fluid
motion as geodesics on diffeomorphism groups, and with applications to liquid crystals.

In the second part, we present a structure preserving discretization of this geometric setting
based on finite dimensional approximations of groups of diffeomorphisms. The resulting finite
element discretizations for fluids enjoy remarkable conservation properties. For instance, application
to magnetohydrodynamics produces schemes that preserve energy, cross-helicity, magnetic helicity,
mass, and total squared density to machine precision, both at the spatially and temporally discrete
levels.

The last parts of the lecture are devoted to the extension of this geometric variational formulation
to fluids experiencing irreversible processes, such as viscosity, heat conduction, and chemical
reactions, in the context of nonequilibrium thermodynamics.
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