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On the orbit space of a maximal compact subgroup
acting on a spherical homogeneous variety
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FEL:  Let X = G/H be a spherical homogeneous variety for a complex
reductive algebraic group G. We consider the action of a maximal compact
subgroup K < G on X. Victor Batyrev conjectured around 2016 that the orbit
space X/K is homeomorphic to the so-called valuation cone V of X, which is a
convex polyhedral cone whose rational points parametrize G-invariant
discrete Q-valued valuations of the field C(X). (This conjecture was
announced recently in arXiv:2403.09091.) The "non-archimedian" version of
this conjecture holds true, due to D. Luna and Th. Vust (1983): the set V(Q) is
in bijection with the orbit space of X(F) under the action of the semi-direct
product of G(O) and Aut(O), where F is the field of Puiseux series ( = the
algebraic closure of C((t)) ) and O is its ring of integers. We prove Batyrev's
conjecture by considering a homeomorphic embedding of X/K into the
moment polytope P of a projective closure of X. We also discuss relation
between the face stratifications of V and P and the orbit type stratification of
XIK.
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