Journal of http://jvc.sagepub.com/
Vibration and Control

Stabilization of the pendulum system by coupling with a heat equation
Dong-Xia Zhao and Jun-Min Wang
Journal of Vibration and Control 2014 20: 2443 originally published online 25 June 2013
DOI: 10.1177/1077546313485107
The online version of this article can be found at:
http://jvc.sagepub.com/content/20/16/2443

Published by:
http://www.sagepublications.com

Additional services and information for Journal of Vibration and Control can be found at:
Email Alerts: http://jvc.sagepub.com/cgi/alerts
Subscriptions: http://jvc.sagepub.com/subscriptions
Reprints: http://www.sagepub.com/journalsReprints.nav
Permissions: http://www.sagepub.com/journalsPermissions.nav
Citations: http://jvc.sagepub.com/content/20/16/2443.refs.html

>> Version of Record - Nov 18, 2014
OnlineFirst Version of Record - Jun 25, 2013
What is This?

Downloaded from jvc.sagepub.com at Beijing Institute of Technology on November 19, 2014

Article

Stabilization of the pendulum system by
coupling with a heat equation

Journal of Vibration and Control
2014, Vol. 20(16) 2443–2449
! The Author(s) 2013
Reprints and permissions:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/1077546313485107
jvc.sagepub.com

Dong-Xia Zhao1,2 and Jun-Min Wang2

Abstract
In this work, we study the stabilization of a pendulum system by coupling with a heat equation through the left boundary
observation of the heat equation, while a velocity feedback of the pendulum system is designed to affect the same side
heat flux of the heat equation. Based on the semigroup approach and Riesz basis method, the well-posedness and
exponential stability of the system is deduced. Finally, some numerical simulations are presented to show the effectiveness of this feedback control design.
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1. Introduction
The control and dynamics of the pendulum system have
been studied in the past decades, and many eﬀective
control methods have been proposed. In order to stabilize a damped-elastic-jointed inverted pendulum subjected to a time-periodic follower force, Bui et al. (2012)
design an optimal fuzzy control using hedge algebras
(OFCHA) controller, and compare the control eﬀect of
the three controllers, i.e. conventional fuzzy control
(CFC), fuzzy control using hedge algebras (FCHA)
and OFCHA. Suh and Bien (1979) introduced a proportional-minus-delay (PMD) controller for the stabilization of the pendulum system, which is very popular
until now. Masoud et al. (2003), based on the concept
of delayed position feedback, developed a control strategy to reduce pendulations of hoisted payloads on
rotary cranes. The stability results of the pendulum
system under a PMD controller have been demonstrated both numerically by Suh and Bien (1979,
1980) and through a detailed analysis by Atay
(1998, 1999, 2002), Wang et al. (2011) and Zhao and
Wang (2012).
Recently, Wang et al. (2012) used a collocated
boundary feedback compensator in the form of a heat
equation, a set-up that has attracted increasing attention, which was applied to stabilize a Schrödinger equation by a collocated input/output pair of the heat
equation, and the exponentially stability and Gevrey
regularity for the closed-loop system were obtained.

In this paper, we shall use the heat-compensator
design to stabilize the pendulum system, and give a
detailed spectral analysis. The method adopted in this
article can be further applied to the analysis of the
coupled wave–pendulum system, where the wave equation with Kelvin–Voigt damping is considered as a
compensator.
In the ﬁeld of robotics and intelligent vehicles, a
basic problem is controlling the position of a singlelink rotational joint by using a motor placed at the
pivot. Mathematically, it can be considered as a
planar pendulum to which an external torque is
applied, whose motion can be formulated as the following second-order nonlinear diﬀerential equation:
g
€ðtÞ þ sin ðtÞ ¼ uðtÞ,
l

ð1Þ

where g is the acceleration due to gravity,  the angular
displacement measured from the natural rest position, ‘
1
Department of Mathematics, North University of China, Taiyuan,
PR China
2
Department of Mathematics, Beijing Institute of Technology, Beijing,
PR China

Received: 21 December 2012; accepted: 2 March 2013
Corresponding author:
Dong-Xia Zhao, Department of Mathematics, North University of China,
Taiyuan 030051, PR China.
Email: zhaodongxia6@sina.com

Downloaded from jvc.sagepub.com at Beijing Institute of Technology on November 19, 2014

2444

Journal of Vibration and Control 20(16)

the length of the pendulum, and uðtÞ the value of the
external torque at time t. For simplicity, we assume that
the friction is negligible, so that all of the mass of the
rod is concentrated at the end. Then the stability of the
two equilibria is determined by the linearized equation
g
y€ ðtÞ  yðtÞ ¼ uðtÞ,
‘
where y denotes the deviation from the equilibrium,
and the ‘‘þ’’ and ‘‘’’ signs correspond to the natural
( ¼ 0) and the inverted ( ¼ ) equilibrium positions,
respectively. By the so-called PMD controller
^ ðt   Þ,
^ ðtÞ þ by
uðtÞ ¼ ay

ð2Þ

and rescaling the time t ! t to normalize the delay to 1,
the pendulum system with PMD controller (1) and (2)
become
y€ðtÞ þ kyðtÞ ¼ byðt  1Þ,
^ Since the time delay
where k ¼  2 a^   2 g=l, b ¼  2 b.
itself is a dynamical system, by a new variable vðx, tÞ ¼
yðt þ x  1Þ, the system can be written as follows:
8
>
< y€ ðtÞ þ kyðtÞ ¼ bvð0, tÞ,
vt ðx, tÞ ¼ vx ðx, tÞ,
>
:
vð1, tÞ ¼ yðtÞ,

t 4 0, k, b 2 R,
x 2 ð0, 1Þ, t  0,

ð3Þ

which is a coupled system consisting of a transport partial diﬀerential equation (PDE) and a pendulum
system. According to Atay (1999) or Wang et al.
(2011), the system (3) is exponentially stable if k,b
satisfy


min k  n2 2 , ðn þ 1Þ2 2  k 4 ð1Þn b 4 0

ð4Þ

for some nonnegative integer n. On the other hand,
Susto and Krstic (2010), Tang and Xie (2011), and
Wang et al. (2012) applied the heat equation as a compensator to successfully stabilize an ordinary diﬀerential equation (ODE) system and a Schrödinger
equation. Hence, with some inspiration, it is natural
to raise a question of whether the heat equation can
be regarded as a compensator to stabilize the pendulum
system, so we study the following coupled heat–pendulum system (see Figure 1):
8
y€ðtÞ þ kyðtÞ ¼ bvð0, tÞ,
>
>
>
< v ðx, tÞ ¼ v ðx, tÞ,
t
xx
> vx ð0, tÞ ¼ by_ðtÞ,
>
>
:
vð1, tÞ ¼ 0,

where the PDE in (3) is replaced by a heat equation,
vðx, tÞ is the temperature of a heat equation, and k 4 0
and b 6¼ 0 are two unknown constants. The boundary
observation of the heat equation enters the state equation of the ODE through the left side vð0, tÞ in (5), the
right side of the heat equation is kept at zero tempera_ of the ODE is
ture. While, the derivative output yðtÞ
fed into the boundary heat ﬂux of the heat equation.
In system (5), the heat equation is considered as a
dynamic controller to stabilize the pendulum system
with unknown constants. It will be shown (in Section
3) that no matter how much k 4 0 and b 6¼ 0, system
(5) will be exponentially stable under a heat PDE
compensator. The aim of this work is to present
the well-posedness and exponential stability of the
system (5).
The paper is organized as follows. In Section 2, we
formulate the system (5) into an abstract evolution
equation and set up the well-posedness of the
system. Section 3 is devoted to the asymptotic expressions of eigenvalues and eigenfunctions. We show that
there is a sequence of generalized eigenfunctions which
forms a Riesz basis for the state space, and then we
establish the spectrum-determined growth condition
and the exponential stability of (5). In Section 4,
these analytic results are conﬁrmed by numerical
simulations.

2. Well-posedness of the system (5)
We consider system (5) in the energy space
H ¼ C  C  L2 ð0, 1Þ

ð6Þ

equipped with the usual inner product:

 

hZ1 , Z2 i ¼ k f1 , f2 C þ g1 , g2 C þ

t 4 0,
x 2 ð0, 1Þ, t  0

Figure 1. Block diagram for an interconnected heat–ODE
system.

Z

1

h1 ðxÞh2 ðxÞdx, ð7Þ
0

ð5Þ

where Z1 ¼ ð f1 , g1 , h1 Þ, Z2 ¼ ð f2 , g2 , h2 Þ 2 H,
h f1 , f2 iC ¼ f1 f2 .
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Deﬁne a linear operator A: DðAÞð HÞ ! H by
Að f, g, hÞ ¼ ðg, kf þ bhð0Þ, h00 Þ,

Now we show that A is dissipative in H. For each
Z ¼ ð f, g, hÞ 2 DðAÞ, we have
ð8Þ

with
8
 h 2 H2 ð0, 1Þ,
>
<


DðAÞ ¼ ð f, g, hÞ 2 H h0 ð0Þ ¼ bg,

>
:
hð1Þ ¼ 0

9
>
=



hAZ, Zi ¼ g,  kf þ bhð0Þ, h0 , ð f, g, hÞ0
Z1
  

¼ k g, f C þ kf þ bhð0Þ, g C þ
h00 ðxÞhðxÞdx,
0

:

>
;

¼ khg, f iC  kh f, giC þ bhhð0Þ, giC þ hðxÞh0 ðxÞj10
Z1

jh0 ðxÞj2 dx

ð9Þ

0

Z

Then (5) can be written as an evolution equation in H:
(

jh0 ðxÞj2 dx,

Z_ ðtÞ ¼ AZðtÞ,

0

t 4 0,

ð10Þ

Zð0Þ ¼ Z0 ,

so,
Z

where ZðtÞ ¼ ðyðtÞ, y_ðtÞ, vð, tÞÞ:
Now we have the following result on the properties
of A.
Lemma 2.1 Let A be given by (8) and (9). Then A1
exists and is compact. Hence, ðAÞ, the spectrum of A,
consists of isolated eigenvalues of ﬁnite algebraic multiplicity only. Moreover, A is dissipative in H and A generates a C0 -semigroup eAt of contractions on H.
~ 2 H, solve
~ hÞ
Proof For any given Z~ ¼ ð f,~ g,

RehAZ, Zi ¼ 

jh0 ðxÞj2 dx  0:

ð12Þ

Hence, A is dissipative in H, and A generates a C0 semigroup eAt of contractions on H by the Lumer–
Philips theorem of Pazy (1983). The proof is
complete.
«

3. Stability of system (10)
In this section, we consider the eigenvalue problem of
(10). By AZ ¼ Z, where Z ¼ ð f, g, hÞ 2 DðAÞ, we have

to get
8
>
g ¼ f,~
>
>
>
>
>
~
< kf þ bhð0Þ ¼ g,
~
h00 ¼ h,
>
>
>
>
h0 ð0Þ ¼ bg,
>
>
:
hð1Þ ¼ 0:

8
g ¼ f,
>
>
>
>
>
>
kf þ bhð0Þ ¼ g,
>
>
<
h00 ¼ h,
>
>
>
>
h0 ð0Þ ¼ bg,
>
>
>
>
:
hð1Þ ¼ 0:

ð13Þ

8
g ¼ f,
>
>
>
pﬃﬃﬃ
>
< h ¼ c sinh ð1  xÞ,
pﬃﬃﬃ
>
kf þ b  c sinh  ¼ 2 f,
>
>
>
pﬃﬃﬃ
pﬃﬃﬃ
:
c   cosh  ¼ bf,

ð14Þ

That is

Then we have
8
Z1
>
1
>
2~
>
f¼
g~ þ b f þ b ð1  sÞh~ðsÞds ,
>
>
k
>
0
<
~
g
¼
f,
>
>
Z1
Zx
>
>
>
~
~
>
hðsÞds 
ð1  sÞh~ðsÞds:
: hðxÞ ¼ bð1  xÞf  ð1  xÞ
0

1

0

Að f, g, hÞ ¼ ðg,  kf þ bhð0Þ, h00 Þ


~ h~ , ð f, g, hÞ 2 DðAÞ
¼ f,~ g,

x

ð11Þ
1

1

¼ kgf  kfg þ bhð0Þg  hð0Þbg 

Hence, A exists and is compact on H by the Sobolev
embedding theorem. Therefore, ðAÞ consists of isolated eigenvalues of ﬁnite algebraic multiplicity only.

i.e.
8
g ¼ f,
>
>
pﬃﬃﬃ
>
>
>
< h ¼ c sinh pﬃﬃﬃð1  xÞ,
bc sinh 
>
f¼
,
>
>
2 þ k
>
>
pﬃﬃﬃ
pﬃﬃﬃ
: 2 pﬃﬃﬃ
b   sinh  þ 2 þ k cosh  c ¼ 0:
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Then (13) has a nontrivial solution if and only if
2 þ k cosh

which yields

pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
 þ b2  sinh  ¼ 0

pﬃﬃﬃ
2  k þ b2 
pﬃﬃﬃ
¼
2 þ k þ b2 

pﬃﬃ
2 

e

have solutions. Hence, we get the following lemma
immediately.

¼ 1 þ

pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
ðÞ ¼  þ k cosh  þ b2  sinh :

1

 þ k2 þ b2
 3
¼ 1 þ O 2 :

Lemma 3.1 Let A be given by (8) and (9), and let
2

2b2
3
2

ð20Þ

ð16Þ
A direct computation gives

Then


 ðAÞ ¼ p ðAÞ ¼  2 CjðÞ ¼ 0 ,

ð17Þ

and each  2  ðAÞ is geometrically simple.

Proof By Lemma 2.1, A is dissipative, then we
have Re   0, 8 2  ðAÞ. So we only need to
show there is no eigenvalues on the imaginary axis.
Let  ¼ ia 2  ðAÞ, a 2 R and let Z ¼ ð f, g, hÞ 2 DðAÞ
be its associated eigenfunction of A. Then by (12),
we have
1
2

0

RehAZ, Zi ¼ 

jh ðxÞj dx ¼ 0,

n 4 N,

ð21Þ

where N is a positive number. Therefore,

Lemma 3.2 Let A be given by (8) and (9). Then for
each  2  ðAÞ, we have Re  5 0:

Z

pﬃﬃﬃﬃﬃ
1
n ¼ i n   þ iO n3 ,
2

ð18Þ

0

and, hence, h0 ðxÞ ¼ 0: By hð1Þ ¼ 0, we have h 0.
Moreover, it follows from (13) that f ¼ g ¼ 0.
Therefore, there are no eigenvalues on the imaginary
axis. The proof is complete.
«

n ¼  n 

1
2

2

2 þ O n2 ,

n 4 N,

ð22Þ
«

which is (19). The proof is complete.

Proposition 3.2 Let fn , n 2 Ng be the eigenvalues of A
with n being given by (19). Then the corresponding
eigenfunctions fð fn , gn , hn Þ, n 2 Ng have the following
asymptotic expressions:
8
fn ¼ O n4 ,
>
>
>
>
>
<
gn ¼ O n2 ,
>
>
>
1
>
>
: hn ¼ sin n  x þ O n3 ,
2

n 4 N,

ð23Þ

where N is a positive number.
Proposition 3.1 Let A be given by (8) and (9), and let
ðÞ be given by (16). The eigenvalues of A have the
following asymptotic expressions:
n ¼  n 

1
2

Proof It is found from (14) and (21) that for n ,
its corresponding eigenfunction has the asymptotic
form:

2

2 þ O n2 ,

n 4 N,

ð19Þ

where N is a positive number. Therefore, Re n ! 1,
as n ! 1:

hn ðxÞ ¼ i sinh

pﬃﬃﬃﬃﬃ
n ð1  xÞ

¼ sin n 

1
ð1  xÞ þ O n3 ,
2

n 4 N:
ð24Þ

Proof By ðÞ ¼ 0, we get
2



pﬃﬃ


 þk e

þe

pﬃﬃ 
 

pﬃﬃ 
pﬃﬃﬃ pﬃﬃ
þ b  e   e  ¼ 0,

By the fourth equality of (13), we get that

2

or

gn ¼ O n2 :

ð25Þ

Moreover, by (19) and the ﬁrst equality of (13), we have

pﬃﬃﬃ pﬃﬃ 
pﬃﬃﬃ pﬃﬃ
2 þ k þ b2  e  þ 2 þ k  b2  e  ¼ 0,

fn ¼ O n4 :
The proof is complete.
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Figure 2. The stability convergence of vðx, tÞ in (5).

Now we show the Riesz basis property and exponential stability for system (5).

positive constants M and  such that the C0 -semigroup
eAt generated by A satisﬁes

Theorem 3.1 Let A be given by (8) and (9). Then there
is a set of generalized eigenfunctions of A which forms a
Riesz basis for H. Moreover, eAt , generated by A, is an
analytic semigroup for H.

jjeAt jj  Met :

Proof Let
e1 ¼ ð1, 0, 0Þ, e2 ¼ ð0, 1, 0Þ, Fn ¼ ð0, 0,
sin n  12 ð1  xÞÞ, n 2 N. Then fe1 , e2 , Fn , n 2 Ng
form an orthogonal basis for H. Let Gn ¼ ð fn ,
gn , hn Þ, n 2 N, where fn , gn , hn are given by (23), then
1
X
n¼N

jjFn  Gn jj2H ¼

1
X

j fn j2 þ j gn j2 ¼

n¼N

1
X

ð28Þ

Proof The spectrum-determined growth condition is a
direct conclusion of an analytical semigroup. This
together with Lemma 3.2 and Proposition 3.1 allows
us to deduce that eAt is exponentially stable. The
proof is complete.
«

4. Numerical applications
O n4 5 1:

n¼N

ð27Þ
By Theorem 6.3 of Guo (2001), a modiﬁed classical
Bari’s theorem, there is a set of generalized eigenfunctions of A which forms a Riesz basis for H. Finally, by
Theorem 13 of Opmeer (2008), A generates an analytic
semigroup eAt : The proof is complete.
«
Theorem 3.2 Let A be given by (8) and (9). Then the
spectrum-determined growth condition holds true for eAt ,
that is, sðAÞ ¼ !ðAÞ, where
sðAÞ :¼ supfRe j 2  ðAÞg
is the spectral bound of A, and
!ðAÞ :¼ inff!j9M 4 0 such that jjeAt jj  Me!t g
denotes the growth bound of eAt . Moreover, the system
(10) is exponentially stable, that is, there exist two

In this section, numerical simulations are carried out
for the system (5) with Matlab software. By using the
ﬁnite diﬀerence method, we can obtain the approximate
solution of the system (5). In Figures 2 and 3, we
show the simulation results for (5) with k ¼ 5, b ¼ 3,
_ ¼ 1, and
and with the initial conditions yð0Þ ¼ 1, yð0Þ
vðx, 0Þ ¼ 0. Figure 4 presents the stability convergence
of the system (3) with the same feedback constants and
initial conditions.

5. Conclusions
In this paper, we show that the pendulum system is
stabilized by compensating with a heat equation. This
kind of control design is quite diﬀerent from the previous PMD controller and the latest control design
based on a backstepping method. First, compared
with the system (3) with condition (4), the system (5)
only requires k 4 0, b 6¼ 0, which largely relaxes the
restrictions on the parameters k, b. Second, by the
Riesz basis approach, not using the traditional
Lyapunov function, we show that there is a sequence
of generalized eigenfunctions which forms a Riesz
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Figure 3. The stability convergence of yðtÞ in (5).

Figure 4. The stability convergence of yðtÞ in (3).

basis for the state space of the closed-loop system, and
then the spectrum-determined growth condition and
the exponential stability are established. Moreover,
by comparison with (3), we get from the simulations
in Section 4 that the convergence rate of yðtÞ in (5) is
improved remarkably.
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